ABSTRACT. We study models of discrete-time, symmetric, Z d -valued random walks in random environments, driven by a field of i.i.d. random nearest-neighbor conductances ω xy ∈ [0, 1], with polynomial tail near 0 with exponent γ > 0. For all d ≥ 4, we prove that the heat-kernel decay is as close as we want to the standard decay n −d/2 for large values of the parameter γ.
INTRODUCTION AND RESULTS
The main purpose of this work is the derivation of heat-kernel upper bounds for random walks (X n ) n∈N in i.i.d. random environments on Z d , which follows up recent results of Berger, Biskup, Hoffman and Kozma [BBHK06] , Boukhadra [Bo08] and Fontes and Mathieu [FM06] .
As in [BBHK06] , [Bo08] and [FM06] , we consider a family of symmetric, irreducible, nearest-neighbor Markov chains on Z d , d ≥ 4, driven by a field of i.i.d. bounded random conductances ω xy ∈ [0, 1], subject to the symmetry condition ω xy = ω yx . The Markov chains so studied are contructed as follows. Let Ω be the set of functions ω : Z d × Z d → R + such that ω(x, y) = ω xy > 0 iff x ∼ y, and ω xy = ω yx ( x ∼ y means that x and y are nearest neighbors). We call elements of Ω environments.
For each realization of the environment ω, we define a random walk (X n ) n∈N which is driven by the transition matrix
The sum π ω (x) = ∑ y ω xy defines an invariant, reversible measure for the corresponding discrete-time Markov chain. One general class of results is available for such random walks under the additional assumptions of uniform ellipticity,
One then has the standard local-CLT like decay of the heat kernel (c 1 , c 2 are absolute constants), as proved by Delmotte [Del99] :
Once the assumption of uniform ellipticity is relaxed, matters get more complicated. The most-intensely studied example is the simple random walk on the infinite cluster of supercritical bond percolation on Barlow [Ba04] proved the full upper and lower bounds on P n ω (x, y) of the form (1.2). (Both these results hold for n exceeding some random time defined relative to the environment in the vicinity of x and y.) Heat-kernel upper bounds were then used in the proofs of quenched invariance principles by Sidoravicius and Sznitman [Sz04] for d ≥ 4, and for all d ≥ 2 by Berger and Biskup [BB07] and Mathieu and Piatnitski [MPia05] .
We choose the family
where γ > 0 is a parameter. Thus, the ellipticity assumption is absent. In a recent paper, Fontes and Mathieu [FM06] studied continuous-time random walks on Z d which are defined by generators L ω of the form
with conductances given by
3). For these cases, it was found that the annealed heat-kernel, dQ(ω)P ω 0 (X t = 0), exhibits an standard decay for γ ≥ d/2 . Explicitly, from [FM06] , Theorem 4.3, we have
The best quenched upper bound that we can extract from this result and using the same technics in [FM06] is a randon constant times n −β with β < d 2 − 1. The results of Fontes and Mathieu ([FM06] , Theorem 4.3) encourage us to believe that the quenched heat-kernel has a standard decay when γ ≥ d/2, but the construction seems to require subtle control of heat-kernel upper bounds. The main goal of this paper is to prove, for all d ≥ 4, that the heat-kernel decay is as close as we want to the standard decay n −d/2 for large values of the parameter γ, in opposite to previous results in [Bo08] where we provide an anomalous lower bound on the heat-kernel for the same model, that gets closer to n −2 as the parameter γ tends to 0.
Here is our main result : 
PROOFS
Let us first give some definitions and fix some notations. Consider a Markov chain on a countable state-space V with transition probability denoted by P(x, y) and invariant measure denoted by π. Define Q(x, y) = π(x)P(x, y) and for each S 1 , S 2 ⊂ V, let
(2.1)
For each S ⊂ V with π(S) ∈ (0, ∞) we define
and use it to define the isoperimetric profile
(Here π(S) is the measure of S.) It is easy to check that we may restrict the infimum to sets S that are connected in the graph structure induced on V by P.
To prove Theorem 1.1, we combine basically two facts. On one hand, we use Theorem 2 of Morris and Peres [MoPer05] that we summarize here : Suppose that P(x, x) ≥ σ for some σ ∈ (0, 1/2] and all x ∈ V. Let ǫ > 0 and x, y ∈ V.
for all n such that and Φω(r). So, The random walk associated to P 2 ω moves on the even points. On the other hand, we estimate the conductances of the box B N . We have
Thus, for arbitrary µ > 0 and for N large enough, we can write Q − a.s.,
Proof of Lemma 2.1. We will take up the argument that Fontes and Mathieu used to prove lemma 3.6 in [FM06] .
(2.9) for N large enough and some positive constants c 1 and c 2 . Thus the BorelCantelli lemma implies the upper bound in (2.7). Now, let c > d/γ. For e k ≤ N ≤ e k+1 , we have
≤ c 3 e
and the result follows from Borel-Cantelli and the summability of the probabilities on the left hand sides of (2.9) and (2.10), implied by their right hand sides.
Our next step involves extraction of appropriate bounds on surface and volume terms. 
The proof of lemma 2.2 will be a consequence of the following well known fact of isoperimetric inequalities on Z d (see [Woe00] , then (2.11) will follow from (2.13-2.14). It remains to prove (2.13-2.14). The bound (2.14) is implied by πω(x) ≤ 2d. For (2.13), since P 2 ω represents two steps of a random walk, we get a lower bound on Q ω (Λ, Z d e \ Λ) by picking a site x ∈ Λ which has a neighbor y ∈ Z d that has a neighbor z ∈ Z d e on the outer boundary of Λ. By Lemma 2.1, if x or z ∈ B N+1 , the relevant contribution is bounded by
For the case where
, clearly the left hand side of (2.15) is bounded by 1/2d > α 2 /2d. Once Λ has at least two elements, we can do this for (y, z) ranging over all bonds in ∂Λ, so summing over (y, z) we get (2.13).
Now we get what we need to estimate the decay of P 2n ω (0, 0). Proof of Theorem 1.1. Let d ≥ 4, γ > 6d and choose µ > 0 such that
Let n = 2⌊N/2⌋, N ≫ 1, and consider the random walk onω.
We will now derive a bound on Φ This proves the claim for even n; for odd n we just concatenate this with a single step of the random walk.
